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Abstrac t  

Let E be a physical system consisting of two subsystems, S and T: We prove that there 
are, in the absence of superselection rules, quantum mechanical observables (called 
"sensitive"), whose expectation value depends on  the type of state vector (first type or 
second type) describing ~. This result generalizes a previous one obtained under the 
restriction that  the Hilbert spaces of S and T are two dimensional. 

1. In t roduc t ion  

Let a q u a n t u m  mechan ica l  sys t em ~ be  given,  cons is t ing  o f  two  subsys tems ,  
S and  T. I f H  s and  H ~  are the  Hi lber t  spaces  descr ib ing,  respect ively ,  the  
sys tem S and  t h e  sys tem T, q u a n t u m  m e c h a n i c s  prescr ibes  t h a t  the  Hi lber t  

space HST , associa ted  w i t h  t he  sys t em ~ ,  is the  t enso r  p r o d u c t  o f  H s and HT: 

HS.T = H s  (~ H T 

w i t h  t he  s t anda rd  scalar p r o d u c t .  
I t  fo l lows d i rec t ly  f r o m  d e f i n i t i o n  o f  t e n s o r  p r o d u c t  o f  t w o  vec tor  spaces 2 

1 I.N.F.N., section of Bari. 

It is useful for the following to recall the definition of tensor product of two vector 
spaces: Let E, F, G be three vector spaces on the complex field(: ; we say that G is 
the tensor product of E and F (denoted by E ® F)  if there exists a bilinear mapping 

: E x F ~  G whose image spans G and such that, for an pairs of linearly independent 
systems of vectors {xa} and {Y~3) in E and F. respectively, the system of vectors 
{~(xa, Y/3)} is linearly independent in G. E ~ F always exists and is unique (up to iso- 
morphisms). If (x, y) ~ E  x F w e  put oh(x, y) = x ® y; it is trivial that ~(E x F) is not 
in general, a vector space and therefore ~(E x F)  * E ® F. I fE  and F are Hilbert spaces 
the standard scalar product on E ® F makes continuous the bilinear mapping co. 
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that an element u o f  l iST cannot be put, in general, in the form v ® w, where 
v and w are elements o f H  s and HT, respectively. 

Therefore let us introduce the following definition (Capasso et al., 1973): 

Definition 1.1. A vector u E HST is called vector of  the first type if 
there exist v E Hs ,  w E H T such that u = v ® w ;  u is called vector o f  
the second type if it is not  a vector of  the first type. 

Let us put 3 

Q = ( x ® y E H s T : x E H s , Y E H T ,  tlxl[ = ItYl[ = 1} 

Let us denote by 6 a statistical ensemble of  identical systems E and, intro- 
duce the following definitions: 

Definition 1.2. 6 is called mixture of  the first type if there exists a 
a family {6k}k~ {1 ..... m} , 6 k  C 6 ,  6 1 U  "'" U 6 m = 6 ,  such that for 
every k E  {1 . . . . .  m} there exists a vector u k ~ Q describing all 
systems 22 E 6k.  

Definition 1.3. 6 is called a mixture of  the second type if there exists 
a vector o f  the second type u E H s r ,  ILull = 1, describing all systems 
E ~ 6 .  

2. Sensitive Observables 

We shall prove that a mixture of the second type is observably different 
from all mixtures of  the first type. This statement can be put in a precise form 
once the following definition is introduced (Capasso et al., 1973). 

Definition 2.1. If 6 is a mixture of  the second type o f  systems 2;, an 
observable F of N is called sensitive for 6 if IF)® + (P)e, for all 
mixtures of  the first type 6 '  o f  systems 2~. 4 

This definition is meaningful because it can be shown that (Capasso et al., 
1973), if 6 is a mixture of  the second type of  systems N, there are observables 
(of  ~) that are not sensitive. 

We shall prove the following theorem, which clarifies the statement we 
made at the beginning of  this section: 

3 IfE is an Hilbert space we denote by (t) its scalar product and by IL II the norm derived 
from it. 

4 We denote by < F )~ the expectation value of the observable F on the statistical en- 
semble ~. 
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Theorem 2.1. Let us suppose that to every Hermitian operator (on 
Hs, HT, liST) is associated one and only one observable s (of S, T 
and E, respectively). On this hypothesis we shall prove that, i f ~  is a 
mixture of the second type of systems ~, there exists an observable 
of ~ sensitive for 6.  

Let us observe that the result contained in this theorem has been obtained 
by Capasso et al. in the paper cited under the hypothesis that H s and H r  are 
two dimensional and by the use of Bell's inequality (Bell, t965). 

Let us prove Theorem 2.1.6 
Let ~ be a mixture of the second type described by the vector of the second 

type x o, llXoN = 1. 
Let us initially prove that 

(Y IPxo(Y)) < 1 for all y E a (2.1) 

where Pxo is the projector on the subspace Cxo; that is, 

ex  0 : x E HST -+ Pxo(X ) = ( x  0 I x ) x  0 

I fy  E Q, by Schwarz inequality: 

(y texo(Y)) = l(y tXo)12 ~< llYll 2. ltXolt 2 = 1 (2.2) 

Let us now observe that 

(Y IPxo(Y)) ¢ 1 (2.3) 

in fact, by virtue of  (2.2), 7 

((Y tPxo0')) = 1) ~ (  I(y IXo)1 z = Ilyll2"llXotl e) 

(there exists a E C, I a 1 

= 1 such that Xo = ey) ~ (Xo ~ Q) 

and this is in contrast with the assumption that x o is a vector of the second 
type. 

Therefore from (2.2) and (2.3) we deduce that (2. t )  holds. 
f . . . Now let ~ be a mixture of the first type of N Identical systems N; therefore, 

. . . . .  t ! 

by definition, there ex, sts a covering {~k}k ~ {l ..... m} of ~ such that for every 
k E { 1 , . . . ,  m} there existsYk E Q describing the nk systems N E~(~,kn k =N). 

s Fo r  this reason we  shall identify every Hermit ian ope ra to r  wi th  the  observable  it 
represents .  

6 This p r o o f  still holds  if  in Def in i t ion  1.2 w e  assume Q = {v ~ HST Iv vec to r  o f  the  first 
type,  tt v tl = 1} . 

7 A straight  calculation shows  tha t  

(tl ) 11 0) (l(YlXo) t2=TlXoit2"llYlI2) ~ x o llY i] 2 Y = 
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By virtue of  (2.1), we have 

m m m 

IPxo(Yk)) < - -  = 1 (Pxo)~' = (Pxo)~ lc = N 
k = l  / ' :=I  k = l  

On the other side we have 

(exo)~ = ( x o IPxo( Xo)) = t[XoN 2 = 1 

Therefore, by  definition, Pxo is a sensitive observable for ~ .  
Preserving the notation just introduced, let us observe that, in general, we 

cannot say that 

o = sup ( y l P x o ( Y ) )  = sup I (y lxo)I  2 < 1 (2.4) 
y ~ O  y E Q  

If  (2.4) holds, we have 

A(~ ,  ~ ' )  = <Pxo)~ - (Pxo) ~, >~ 1 - o > 0 (2.5) 

for all mixtures of  the first type ~ ' ;  that is, A(~,  ~ ' )  cannot be made arbitrary 
small for suitable choice of  ~ ' .  

Therefore it is interesting to search vector states of  the second type Xo such 
that (2.4) holds. 

To this end let us distinguish two cases: 

(i) Let H s and H r  be finite dimensional, then the following theorem holds: 

Theorem 2.2. I f x  o E HaT -- Q, Ilxoll -- 1, there exists y o E Q such 
that 

sup l(ylXo)I z = [Cvolxo)12 
y ~ Q  

Proof. Let us initially prove that Q is compact: Let (Xn ®Yn)n  E tu be a 
sequence of  elements of  the set Q; therefore 

Vn ~ N  Ilxnlt = ILy, I[ = 1 

Then, by Bolzano's theorem, we can select from ( X n )  n E ~ and ( Y n ) n  ~ ~a t w o  
sub sequences (xnk)k E ~ ,  (Ynk)k ~ ~ convergent to x E H s and y E Ha-, respec- 
tively. On the other hand, by continuity of  the bilinear mapping (I) we have 

lim xnk ® Ynk = Flm cb(Xnk,ynk) = ~ ( x , y )  = x ® y  
k ~ ,,o 1o-+ ~o 

Let us now observe that Ilxll = Ilytl = 1, therefore x ® y  E Q; hence Q i s a compact 
set. Thus, by continuity of the functional f :  x E HST -~ f ( x )  = I(xlxo) 12, we 
deduce that there existsYo E Q such that sup l(ylxo)l 2 = I(yolxo)12 

y E Q  
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(ii) Let us suppose that H s and H T are infinite dimensional and introduce 
the following notations: let us denote by E the convex envelope of  Q, that is, 

E={~iXiXi:~ki~O' ~ k i  = 1 i and xiEQ} 

and by if7 the closure of  E, that is 

F-, = { x E H s T I 3 ( X n ) n ~ E E  ~ such that n~cclim xn=x  } 

Now we shall prove the following theorem: 

Theorem 2.3. I f x  o EHsT - E ,  [IXo[q = 1 we have 

sup I(ylxo)12 < 1 (2.6) 
y~ZW 

Proof. The following implications are a straight consequence of  the defini- 
tions we have given: 

x ~  llxll < 1 (2.7) 

(2.8) 
c~ EC,  I~1 = 1 1 

Let us now consider the functional 

f : y ~ f f . - ~ f ( y ) =  I(ylxo) 12 

where Xo E HST -- E, ltXoll -- 1, and let us prove that 

gy ~ E : f (y)  < 1 (2.9) 

I f y  E/T, y 4= 0 [ i fy  = 0 obviously f (y )  < 1 ], by virtue of  (2.7), we have 

I(ytxo)l z ~< Ilylt = llxoll 2 ~< 1 (2.10) 

Therefore, i f f ( y )  = l(ylxo) I = = 1, we obtain 

l(ylxo) I z = [[y[[?. ilXo[t 2 and I[Y [l = 1 

from which 

x o=ay  ~ C ,  Isl=l 

then, by  virtue of  (2.8), we obtain 

Xo E~7 

in contrast with the hYEothesis x o E HaT -- E. Therefore (2.9) holds. 
Let us observe that E is a bounded set of  the Hilbert space HST and there- 

fore it is a relatively compact set s for the weak topology; moreover f f is  
weakly closed. ~ 

8 Every bounded  set in a Hilbert space is weakly relatively compact: tha t  is, its weak 
closure is a compact set for the  weak topology. 

9 Every strongly closed convex set in a Hilbert space is weakly closed. 
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Therefore E is a weakly compact set. On the other hand the functional f i s  
weakly continuous and therefore, by virtue of the Weierstrass theorem, we 
conclude that there existsy o E F7 such that 

sup f ( y )  =f(Yo) (2.11) 
yE~, 

Hence, by (2.9) and (2.1 I), the inequality (2.6) holds. 
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